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Abstract – We have performed an analytical study of quantum-classical equivalence for quantum
XY -spin chains with arbitrary interactions to explore the classical counterpart of the factorizing
magnetic fields that drive the system into a separable ground state. We demonstrate that the
factorizing line in parameter space of a quantum model is equivalent to the so-called natural
boundary that emerges in mapping the quantum XY -model onto the two dimensional classical
Ising model. As a result, we show that the quantum systems with the non-factorizable ground
state could not be mapped onto the classical Ising model. Based on the presented correspondence
we suggest a promising method for obtaining the factorizing field of quantum systems through the
commutation of the quantum Hamiltonian and the transfer matrix of the classical model.
Introduction. – One of the essential challenges in
condensed matter physics is that of solving many body
interacting systems. One major class of these systems are
quantum spin models which despite their simplicity cap-
ture various complex physical phenomena. Even among
these idealized models we rarely and only in low dimen-
sions encounter solvable cases. Therefore in many systems
it is very valuable to find even a single eigenstate of the
Hamiltonian. It is found that in general non-exactly solv-
able models admit an exact factorized ground state for
special values of Hamiltonian parameters e.g. external
transverse magnetic field [1–6]. The analysis of quantum
entanglement contained in the ground state has revealed
additional features of the factorization point. Unlike the
standard magnetic observable the entanglement displays
an anomalous behavior at the factorizing field (in addition
to the critical field) and vanishes at this point. Across this
point the system undergoes an entanglement phase tran-
sition [7, 8]. Furthermore the quantum discord, another
measure of quantum correlations, exhibits scaling behav-
ior close to factorization point [9–12] which is of collec-
tive nature but different from a quantum phase transition
which is accompanied by a change of symmetry. For finite
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systems it is also shown that the ground state remains
entangled as the factorizing field is approached and un-
dergoes parity transition across this point [13–15].
A fairly general approach which allows us to make pre-
cise statements about ground state of quantum systems is
mapping the d-dimensional quantum system onto a d+1-
dimensional classical system. Then the different proper-
ties of quantum model like orders, correlations and re-
sponse functions and scaling behavior near quantum crit-
ical points can be studied through the relation to their
classical counterparts. However, it turns out that mapping
onto an specific classical model holds only for a restricted
region of parameter space of quantum model. For instance
the ground state of the spin- 1
2
quantum XY -chain with
uniform interactions in the presence of a magnetic field
is equivalent to a two-dimensional (2D) rectangular Ising
model but this equivalence is restricted to the region out-
side a circle which is called natural boundary [16]. This cir-
cular boundary has been also observed in studying rather
different aspects of the XY -model. One of them is the
spin-spin correlations of the quantum XY -chain which ex-
hibit non-oscillatory (classical) asymptotic behavior out-
side this circle whereas they have oscillatory (quantum)
asymptotic behavior inside it [17]. Another property of
this circle was found in investigation of the ground state
entanglement of the quantum XY -model. Along this cir-
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cle the entanglement vanishes in correspondence with an
exactly factorized state [7] and across it an entanglement
phase transition from odd to even parity ground state oc-
curs [8].
In this letter, motivated by these observations, we per-
form a detailed investigation to find out the relationship
between the factorization of the ground state of quantum
XY -chains with arbitrary interactions and their mappa-
bility onto the classical Ising model. We show that the
above mentioned properties are not restricted to the par-
ticular case of uniform couplings and are maintained for
the generalXY -chains with arbitrary interactions. We ob-
tain the natural boundary for the general case and show
that this boundary coincides with the factorizing line of
the quantum chain. We apply our results to several ex-
amples which do or do not have factorizing field. We find
that there is no equivalent Ising model for the quantum
models which do not possess a factorized ground state.
General XY model and ground state factoriza-
tion. – The Hamiltonian of a spin- 1
2
quantumXY -chain
in the presence of a magnetic field can be written as:
Hq = −
∑
i,r
(Jxi,i+rσ
x
i σ
x
i+r + J
y
i,i+rσ
y
i σ
y
i+r)−
∑
i
hiσ
z
i , (1)
where σx,y are Pauli matrices and hi is a general trans-
verse magnetic field. The interaction between two spins
depends on the position i and the distance r via Jµi,i+r
where µ = x, y and are assumed to be ferromagnetic
(Jµi,i+r > 0) or antiferromagnetic (J
µ
i,i+r < 0) such that
there is no frustration in the system. The above Hamilto-
nian possesses a factorized state as |FS〉 = ⊗i|θi〉 at the
factorizing fields [1, 4];
hfi = cot θi
∑
r
(Jxi,i+r sin θi+r + J
x
i,i−r sin θi−r), (2)
where |θi〉 = cos
θi
2
|+〉i + sin
θi
2
|−〉i, and σ
z
i |±〉i = ±|±〉i.
Here, θi ∈ (−pi/2, pi/2) is the acute angle of the spin σi
with +z axis given by relation
cos θi cos θi+r = J
y
i,i+r/J
x
i,i+r. (3)
The equation (3) requires |Jyi,i+r/J
x
i,i+r| ≤ 1 which en-
sures that the factorized state |FS〉 is the ground state
[4]. For chains with nearest-neighbor interactions, Jx,yi,i+r =
Jx,yi δr1, the factorizing field (2) is simplified to
hfi = cotαi(sinαi+1|J
x
i |+ sinαi−1|J
x
i−1|), (4)
where we have defined θi = ξiαi, with αi ∈ (0, pi/2) and
ξi is the sign of θi satisfying ξi = sgnJ
x
i−1ξi−1 . The
Hamiltonian (1) has the global z-parity symmetry and
the factorized ground state has a degenerate partner state,
| − FS〉 = ⊗i| − θi〉.
Mapping onto 2D Ising model. – By relating a
transfer matrix associated with the classical system to the
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Fig. 1: (Color online) The mapping of quantumXY -chain with
uniform interactions onto a classical Ising model. Outside the
circle is equivalent to a 2D square lattice Ising model with
nearest neighbor interactions. Inside the circle may correspond
to the Ising model with complex interactions. The unit circle, is
the factorizing line which is mapped onto the Ising model with
infinite horizontal coupling (Kh → ±∞). The critical fields
hc = ±2J correspond to critical lines, sinh 2K
v sinh 2Kh = ±1,
in the Ising model. The blue lines represent the Ising model in
a transverse field (ITF).
Hamiltonian of its corresponding quantum model, it has
been proved by Suzuki [16] that the two-dimensional Ising
model is equivalent to the ground state of the quantum
XY -chain with uniform interactions in the presence of a
magnetic field, under appropriate relations among cou-
pling parameters appearing in the two Hamiltonians. His
remarkable observation was that the Hamiltonian of XY -
chain commutes with the transfer matrix of rectangular
Ising model for certain range of parameters. Two dimen-
sional classical Ising model is expressed by the Hamilto-
nian
HI = −
∑
i,j
(Jhj,j+1σ
x
ijσ
x
ij+1 + J
v
i,i+1σ
x
ijσ
x
i+1j), (5)
where Jh and Jv are horizontal and vertical couplings,
respectively and σxij = ±1. For the uniform couplings
Jhj,j+1 = J
h and Jvi,i+1 = J
v the transfer matrix commutes
with the Hamiltonian of XY -chain (Hq) with nearest-
neighbor interactions, Jx,yi,i+r = J
x,y, and uniform mag-
netic field hi = h, if the coupling parameters are related
via the following equations
Jy/Jx = tanh2 Kv∗,
h = 2Jx tanhKv∗ coth 2Kh, (6)
where Kv,h = Jv,h/kBT , tanhK
v∗ = exp(−2Kv) and
T is the temperature of the Ising system. As a result
of commutation of Hq and V , they can be diagonalized
simultaneously and have a common set of eigenvectors.
In particular the ground state of quantum Hamiltonian
coincides with the eigenvector of transfer matrix with the
maximum eigenvalue. This brings out several interesting
results (i) The critical temperature Tc of the Ising model
p-2
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corresponds to the critical field of the XY model, which
is given by hc = 2(J
x + Jy) (dashed lines in Fig. 1).
Furthermore the region T > Tc corresponds to the region
h > hc (inside the diamond shape in Fig. 1) and T < Tc
to h < hc (outside the diamond shape in Fig. 1). (ii)
The spin correlations of the Ising model at temperature
T are related to those of XY model in the ground state.
(iii) Scaling behavior and singularities of the two systems
correspond to each other.
Equations (6) have a noticeable property that do not
have solutions for any given values of Jx, Jy and h. As a
result the region in which equivalence of the two systems
holds is restricted to the domain where h2 ≥ 4JxJy. By
taking Jx = J(1 + γ) and Jy = J(1 − γ), where |γ| ≤ 1,
this domain is outside the unit circle (h/2J)2 + γ2 = 1
(see Fig. 1). The points on the circle are mapped to the
Ising model with Kh → ±∞ and Kv = finite. The Ising
model with such anisotropic couplings, according to the
exact resultM = [1−(sinh 2Kh sinh 2Kv)−2]1/8, has max-
imum magnetization, M = 1, which we have shown with
fully polarized lines in Fig. 1. Other properties of this
circular boundary and its significance in the zero temper-
ature phase diagram of the quantum XY-model are shown
in Fig. 2. The spin-spin correlations have non-oscillatory
asymptotic behavior outside this unit circle while they be-
have oscillatory inside it [17]. Moreover, the circle is lying
in the commensurate ferromagnetic phase which means
the energy gap in the excitation spectrum always occurs
at the Brillouin-zone boundary [18].
It is also known that the ground state is factorized along
this circle [7]. Here, we show that this later property is a
general feature of class of quantum XY -chains with arbi-
trary interactions. We first find the equivalence boundary
of the generalized XY -chain with the rectangular Ising
model and then show that this boundary coincides with
the factorizing line of the quantum model.
Boundary of equivalence and factorization. –
The above results, Eqs. (6), have been generalized recently
to theXY -chains with randomness and free boundary [19].
The conditions for commutation of the Hamiltonian of the
XY -chain, Eq. (1) with nearest neighbor interactions, and
the transfer matrix of the Ising model;
V = V
1/2
1 V2V
1/2
1 , (7)
where
V1 = Πi(e
Kv
i / coshKv∗i )e
∑
i
Kv∗
i
σz
i , V2 = e
∑
i
Kh
i
σx
i
σx
i+1 ,
with Kv,hi = J
v,h
i /kBT and tanhK
v∗
i = exp(−2K
v
i ), are
given in appendix (Eqs. (19-23)). The solutions for these
equations have been presented in Ref. [19] for special cases.
Here we determine the domain of existence of a solution
for them. For this purpose it is instructive to deduce the
following equations by adding and subtracting Eqs. (19)
and (20) or Eqs. (21) and (22)
hi = ±J
±
i−1,i coth(K
h
i−1 ±K
h
i ), (8)
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Fig. 2: (Color online) Zero temperature phase diagram of quan-
tum XY chain in a transverse field. Factorizing circle sep-
arates the regions with oscillatory and non-oscillatory corre-
lations. Dashed lines represent the transition from ferromag-
netic (FM) to paramagnetic (PM) phase. Horizontal thick line
shows the anisotropic transition from a ferromagnet with mag-
netization in x direction to the one with magnetization in y
direction. Parabolic (green) lines, γ2 ± h/2J = 1, are the
boundary between commensurate and incommensurate ferro-
magnetic phases.
where
J ±i−1,i = sinhK
v∗
i (sechK
v∗
i+1J
x
i ± sechK
v∗
i−1J
x
i−1). (9)
We have substituted for Jy in terms of Jx using the fol-
lowing relation
tanhKv∗i tanhK
v∗
i+1 = J
y
i /J
x
i , (10)
obtained from Eq. (23). The first constraint imposed on
parameters ofXY -chain, as it is clearly seen from Eq. (10)
and positivity of Kv∗i , is that J
x
i and J
y
i should have the
same sign and |Jyi /J
x
i | ≤ 1. For given exchange couplings
Jxi and J
y
i the vertical couplings of the Ising model, K
v
i ,
will be fixed by Eq. (10), while the horizontal couplings,
Khi , can be varied to find the allowed values of the mag-
netic field. However, the couplings of the neighboring links
should satisfy the constraint
J+i−1,i
J −i−1,i
= −
coth(Khi−1 −K
h
i )
coth(Khi−1 +K
h
i )
, (11)
obtained by eliminating hi in Eqs. (8). The range of
the hyperbolic functions in Eqs. (8) and (11), place the
following bounds on the values of the magnetic field at
each site;
|hi| ≥
{
|J +i−1,i|, if |J
+
i−1,i| ≥ |J
−
i−1,i|
|J −i−1,i|, if |J
+
i−1,i| ≤ |J
−
i−1,i|
. (12)
The equality in Eq. (12) gives the boundary of the equiv-
alence, however a further care is needed on the signs of
magnetic fields. By applying the equation (11) for two
successive sites i and i + 1 of the XY -chain we find that
there must be a relation between the signs of magnetic
p-3
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fields hi and hi+1 as sgnhi+1 = sgnhi. Finally the equa-
tion for the boundary reads as follows;
hbi = sinhK
v∗
i+1(sechK
v∗
i+1|J
x
i |+ sechK
v∗
i−1|J
x
i−1|). (13)
In the special case of the uniform XY -chain Kv∗i = K
v∗
and the above equation simplifies to hbi = 2J
√
1− γ2
which is the circular boundary shown in Fig. 1.
Now we show that the corresponding coefficients in
Eqs. (13) and (4) and therefore hbi and h
f
i are identi-
cal. Since, Kv
∗
i > 0, sinhK
v∗
i ∈ (0,∞), and sechK
v∗
i ∈
(0, 1) we can rewrite the hyperbolic functions in (13) in
terms of trigonometric functions as sechKv∗i = sin α˜i and
sinhKv∗i = cot α˜i with α˜i ∈ (0, pi/2). According to (10)
the angles α˜i satisfy the equation cos α˜i cos α˜i+1 = J
y
i /J
x
i
which is the same as the equation of αi’s and therefore
we conclude α˜i = αi. In other words, the equivalence
boundary is the factorizing line of quantum XY -chain,
hbi = h
f
i . (14)
In the following we give more explicit results and solutions
to the general equations within specific examples.
Uniform factorizing field. In addition to the uniform
XY -chain, there are other spin models which also have
a uniform factorizing field even though they have non-
uniform exchange couplings. Among them the spin-1/2
chains with ferro-antiferro (f − a) and antiferro-antiferro
(a − a) bond alternations have been extensively investi-
gated in the field of quantum magnetism and quantum in-
formation due to their rich field induced quantum phases
such as Luttinger liquid phase [20–22], dimerized phase
and symmetry protected topological phases [14, 23]. The
exchange interactions in these systems are Jµ2i = J
µ
a < 0
and Jµ2i+1 = J
µ
f > 0 for a − f and J
µ
2i = J
µ
a < 0 and
Jµ2i+1 = J˜
µ
a < 0 for a − a models. For systems with
a − f bond alternations, the factorized ground state is
|FS〉 = |α, α,−α,−α, . . . 〉 with cosα =
√
Jya/Jxa at the
factorizing field,
hf =
√
Jxa J
y
a (1 + |J
x
f /J
x
a |). (15)
In systems with a − a bond alternations, the factorized
ground state is the Neel state, |FS〉 = |α,−α, α,−α, . . . 〉,
with cosα =
√
Jya/Jxa and the factorizing field is:
hf =
√
Jxa J
y
a (1 + J˜
x
a /J
x
a ). (16)
The bond alternating quantum spin chains are mapped to
a 2D Ising model with uniform vertical interaction, Kvj =
Kv, and horizontal a − f bond alternations, Kh2i = K
h
a
and Kh2i+1 = K
h
f , or a − a bond alternations, K
h
2i = K
h
a
and Kh2i+1 = K˜
h
a . In these cases the equivalence boundary
(13) is simplified to
hb = tanhKv∗|Jxa |(1 + |J
x
c /J
x
a |), (17)
where tanhKv∗ =
√
Jya/Jxa and J
x
c = J
x
f or J˜
x
a . These
boundaries exactly coincide with the factorizing lines, (15)
and (16) of XY-chains with bond alternations.
Non-uniform factorizing field. In many cases, we can
not get a factorized ground state by applying a uniform
magnetic field. Some of them, for example trimerized and
tetramerized spin chains [24,25], have a factorized ground
state in the presence of a non-uniform field which is sum of
a uniform and a staggered field [6]. In a tetramerized spin
chain with the exchange couplings Jµ4i = J
µ
4i+1 = J
µ
a < 0
and Jµ4i+2 = J
µ
4i+3 = J
µ
f > 0, the factorizing fields are
given by hf4i = h
f
4i+2 = h
f
u, h
f
4i+1 = h
f
u + h
f
s , and h
f
4i+3 =
hfu − h
f
s , where
hfu =
√
Jxa J
y
a (1 + |J
x
f /J
x
a |),
hfs =
√
Jxa J
y
a (1− |J
x
f /J
x
a |). (18)
The corresponding factorized ground state in this case is
|α, α, α,−α, . . . 〉, where cosα =
√
Jya/Jxa . The equiva-
lent classical model is a 2D tetramerized Ising model with
Kh4i = K
h
4i+1 = K
h
a , K
h
4i+2 = K
h
4i+3 = K
h
f and K
v
i = K
v.
Using Eq. (13) we find that hb4i = h
b
4i+2 = tanhK
v∗(|Jxa |+
Jxf ), h
b
4i+1 = 2 tanhK
v∗ |Jxa |, and h
b
4i+3 = 2 tanhK
v∗ |Jxf |.
By substituting from Eq. (10) for tanhKv
∗
=
√
Jya/Jxa
and using Eqs. (18) one can see that these boundary fields
are exactly the factorizing fields of the tetramerized spin
chain.
Non-factorizable models. There are models in which
it is not possible to factorize the ground state by applying
any values of magnetic fields. For example, the model with
exchange interactions Jxi = 1−(−1)
iδ and Jyi = 1+(−1)
iδ,
where 0 < δ < 1 does not possess a factorizing field be-
cause |Jx| < |Jy| at even links while |Jx| > |Jy| for odd
links. This property does not permit a real solution for
angles θi in Eq. (3). On the other hand, Eq. (10) imposes
a similar limitation in mapping this model onto the clas-
sical Ising model. This means that there is a relationship
between the non-factorizability of the ground state and
the impossibility of the mapping onto the Ising model. It
should be mentioned that the model with |Jx| > |Jy| in
all links could be transformed to the one with |Jx| < |Jy|
by a global rotation of pi/2 around z axis therefore does
have a factorizing field. This transformation is not pos-
sible even if there is only one link with |Jx| > |Jy| while
all other links have |Jx| < |Jy|. In conclusion, the non-
factorizability of the ground state of quantum model im-
plies the impossibility of the mapping onto the classical
Ising model and therefore the absence of the equivalence
boundary for such models.
Summary and conclusion. – In summary, we have
provided a connection between ground state factorization
of quantum XY -chains with arbitrary interactions and
their mappability onto a two dimensional classical Ising
model. By making use of Suzuki’s criterion for equiv-
alence, i.e. the commutativity of Hq and V , we ob-
tained the natural boundary for the general XY -model
and showed that it is identical to the factorizing line in
p-4
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parameter space. This allows us to discuss the counter-
parts of the factorization and vanishing the entanglement
of the ground state in the behavior of equivalent classi-
cal model. We have applied our results to several exam-
ples and shown that in the cases with a factorizing field,
this line coincides with the boundary obtained from map-
ping to classical model while the cases with no factorizing
field do not have equivalent Ising model. Here we have
considered the infinite chains however the results are also
applicable to finite chains with different boundary condi-
tions. The presented correspondence suggests a promising
approach for obtaining the factorizing field of quantum
systems. Unlike the standard approach [1] this method is
not restricted to the systems with two-particle interactions
and frustration. Another benefit of this approach for the
future work is that it might lead to a criterion for factor-
izability of the ground state of the Hamiltonians based on
their symmetries, since the commutation with the transfer
matrix indicates some hidden symmetry of the Hamilto-
nian. The generalization of the results to systems with
XY Z interactions, frustration and higher dimensions will
be investigated in the future work.
∗ ∗ ∗
RS would like to acknowledge the financial support of
University of Tehran for this research under grant number
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Appendix: Mapping conditions. – The conditions
for commutation of the Hamiltonian of the XY -chain, Eq.
(1) with nearest neighbor interactions, and the transfer
matrix of the Ising model, Eq. (7), are given by [19]
hip˜
+
i −2[J
−
i−1(K
h
i−1q˜
+
i +K
h
i q˜
−
i )+J
+
i (K
h
i−1q˜
−
i +K
h
i q˜
+
i )]=hi,
(19)
hip˜
−
i −2[J
−
i−1(K
h
i−1q˜
−
i +K
h
i q˜
+
i )+J
+
i (K
h
i−1q˜
+
i +K
h
i q˜
−
i )]=0,
(20)
J−i−1(p˜
+
i +1)−2hi(K
h
i−1q˜
+
i +K
h
i q˜
−
i )+J
+
i p˜
−
i =0, (21)
J+i (p˜
+
i +1)−2hi(K
h
i−1q˜
−
i +K
h
i q˜
+
i )+J
−
i−1p˜
−
i =0, (22)
p−i J
x
i −p
+
i J
y
i =0, (23)
where
p±i = (cosh(K
v∗
i +K
v∗
i+1)±cosh(K
v∗
i −K
v∗
i+1))/2,
q±i = (sinh(K
v∗
i +K
v∗
i+1)±sinh(K
v∗
i −K
v∗
i+1))/2,
p˜±i = (cosh2(K
h
i−1+K
h
i )±cosh2(K
h
i−1−K
h
i ))/2,
q˜±i = (sinhc2(K
h
i−1+K
h
i )±sinhc2(K
h
i−1−K
h
i ))/2,
J±i = q
±
i J
x
i −q
∓
i J
y
i ,
and sinhc x = sinhx/x.
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